Abstract. An important yet difficult task in the design of wind turbines is to assess the extreme load behaviour, most notably finding the 50-year load. Where existing methods often focus on ways to extrapolate from small sample sizes, this paper proposes a different approach. It combines generating constrained gusts in turbulence fields, Delaunay tessellation to assign probabilities and a genetic algorithm to find the desired load in an efficient way. The individual parts of the method are verified and the results are compared to both crude Monte Carlo and importance sampling. We found that using a genetic algorithm is a promising approach to find the 50-year load, with only a small number of load cases (~10 3 ) to be evaluated and requiring no user input but an appropriate fitness function.
Introduction
The wind turbine standard IEC 61400-1 requires that the 50-year extreme load during production (for example the blade tip deflection) is established [1] . If a reference simulation period of 10 minutes is used, the exceedance probability of the desired load is P = 3.8×10 -7 , which means that millions of simulations with different turbulent wind fields are required to find it. It is possible to do this [2] [3] [4] , but because of the cost one normally reverts to simulating ~1,000 load cases and extrapolating from those. Various extrapolation schemes have been proposed; but their accuracy remains doubtful because there are insufficient data to support a good distribution fit [5] . Finding the 50-year extreme load is especially problematic during the conceptual design phase or when designing a controller. This is because the uncertainty surrounding this load may easily be larger than what is gained by moving to a new design.
The problem in determining the 50-year load by brute force (e.g. crude Monte Carlo) is that much computational effort is wasted on simulating uninteresting events. By definition extreme loads occur rarely, as they are triggered by freak events (gusts) in the wind field. However this also means that simulating only those events should yield the 50-year load. The groundwork for such a procedure was done in the NewGust project [6] , which resulted in the basic recipe to generate constrained wind fields with embedded rare events. This opened the door to the use of weighted sampling methods where the simulation campaign is concentrated on severe gusts instead of ordinary 10-minute wind fields [7] .
However, a problem is that a designer needs to know in advance which events are related to extreme loads. This is straightforward when only the wind speed is involved, but is more complex for 3D wind fields where gust events are described by five or more variables (e.g., wind speed, amplitude, location of peak, etc.) [8] . In order to solve this problem, we propose to derive the extreme load distribution and the 50-year return level using a genetic algorithm. The gusts that are relevant to the 50-year load are found iteratively instead of from a predefined sampling distributions.
In the paper we describe how to generate constrained gusts, and present evidence that the method of constrained gusts produces turbulence fields that would have been found if many random fields had been generated instead. The new extreme finding method with the genetic algorithm is applied to find 
Approach

Generation of wind fields with embedded gusts
Stochastic wind fields are commonly generated using Fourier series, which yield a 3D matrix of velocities that are superimposed on the mean wind speed profile:
where u = [u, v, w] T is the turbulent velocity vector (i.e., the deviation from the mean),
T the wave number vector, and C a correlation matrix that follows from the Cholesky decomposition of the spectral tensor [9] . Moreover, n is a complex white noise vector used to randomise the harmonics. This ensures that each realisation of (1) yields a different, but statistically similar, velocity field.
We are interested in specific gust events that are described by a position vector,
; an ellipsoidal volume V, with a length U and lateral diameter •, and a velocity amplitude averaged over that volume, A (see figure 1) . A velocity field containing such a gust is described by:
describes averaging over the ellipsoidal volume:
The field u c (2) can be obtained from a combination of linear constraints in Fourier space, using a conditional white noise vector n c Figure 1 . Sketch of a gust embedded in a rectangular turbulence field with mean wind speed U. Its amplitude, A, is the average wind speed excursion over the ellipsoid, described by a time scale, , and a lateral length scale, •. 
where , ,
is a matrix containing the 0 th -and 1 st -order derivatives and:
is a constraint vector specifying the values of those derivatives. The function G( ) is the Fourier transform of the kernel g(r), which in the case of an ellipsoidal volume is given by:
With:
Any field obeying the constraints set in (2) can be straightforwardly obtained by conditional sampling:
where * Y denotes the Hermitian transpose of Y . A comparison of the fields resulting from the unconditioned vector, n, and the conditioned vector, n c , is shown in Figure 2 .
The probability of such gust events occurring in three-dimensional velocity fields cannot be computed directly, but can be closely approximated by the Euler-characteristic heuristic [10] [11] . In the case that L x >> L y , L z , the probability that a level A is exceeded somewhere in a domain B is approximately equal to:
where 0 and 2 are the 0 th -and 2 nd -order spectral moments; i.e., where uu is the u-component of the spectral tensor. To illustrate, Figure 3 shows a comparison of the theoretical probability with gusts in 10-minute velocity fields counted by brute force.
Finding the 50-year deflection by crude Monte Carlo
The straightforward way of finding the 50-year load is by using the crude Monte Carlo method: N 10-minute wind fields are generated using the mean wind speed distribution f(U), and fed to an aeroelastic code such as Bladed, FAST, or Flex5 (see Figure 4a) . The result is a set of 10-minute extreme loads, 1 , ..., N , from which the extreme load distribution can be estimated:
The 50-year load is found by finding the load L for which the probability of non-exceedance matches the 50-year level; i.e., 
By drawing samples directly from the parent mean wind speed distribution, the crude Monte Carlo method is the most natural way of determining extreme loads. However, it is also one of the most expensive, with over 2.6×10 6 10-minute wind fields being required to reach the 50-year period. This is why one usually tries to obtain the 50-year load by extrapolation, which however brings considerable uncertainty (see [2] ).
Finding the 50-year deflection by importance sampling
An improvement over the crude Monte Carlo method is importance sampling (see Figure 4b) . In that case, samples are being drawn from a sampling distribution, w(k), and weighted by the likelihood ratio f (k)/w(k):
where k represents a point in sample space. Importance sampling becomes interesting if the designer knows which parameter value ranges are relevant to the problem. The method explained in Section 2.1 allows the generation of pseudo-random wind fields with gusts that would otherwise occur naturally in 10-minute wind fields. This means that the amplitude and the position of extreme gusts of a certain size can be introduced as stochastic variables:
(a) Workflow of a crude Monte Carlo method. Here, N ten-minute wind fields are fed to an aero-elastic code, producing an extreme load distribution that can be extrapolated to find the 50-year return level. 
where Equation (17) is obtained from differentiating Equation (11) . The idea is to find a suitable sampling distribution w(U, A, x 0 ), to produce gust events comparable to those triggering the 50-year load.
If that is the case, the cumulative load distribution (16) equals that of the crude Monte Carlo method (14) , irrespective of the length of the time series that includes the gust (this could be much shorter than 10 minutes, as long as the relevant wave number range is captured). Finding the right sampling distribution means selecting the region of parameter space that is responsible for the extreme loads. This can be a tedious process if the loads follow from weaknesses in the control design. Unexpected control behaviour can trick the designer into concentrating on the wrong part of the parameter space, which removes the advantage of importance sampling and may even lead to more uncertainty than the crude Monte Carlo method. An alternative is to turn the search for the optimal sampling distribution into an optimisation problem and use a genetic algorithm to find the gust associated with the 50-year load. This removes most human input and speeds up the process.
Finding the 50-year load with a genetic algoritm
The procedure with the genetic algorithm has the following steps (see Figure 4c ): 1) Generate a set of random turbulent wind fields, each containing an embedded gust that is de-
2) For each load case, find the extreme load by aero-elastic simulation. 3) Use Delaunay tessellation and integration to assign a probability to each load case.
4) Generate new combinations k = [U, A, …]
T using a genetic algorithm, which uses for example the largest contribution to the blade failure probability as fitness. 5) Go to step 2. 6) Continue until the 50-year load (and the distribution) is established with sufficient accuracy.
Step 3) requires some more explanation. Because sampling is not according to some fixed scheme (say only on predefined grid points), load cases are spread randomly, and it is not obvious how to find the probability of a particular load case k. Nevertheless the probability can be established as follows.
T is a point in K-dimensional sample space. Using these points, space is divided into K-simplices (e.g., triangles in 2D, tetrahedra in 3D, etc.) by Delaunay tessellation. The probability mass assigned to the ith load case (point k i ) is the integral of the combined probability density of all simplices of which point k i is a part:
Of course, in this way, each simplex is counted K+1 times, so to get correct probabilities division by K+1 is needed. Once the individual probabilities are found, load cases may be sorted to establish the cumulative distribution.
Results
Importance sampling compared to crude Monte Carlo
The performance of importance sampling and the genetic algorithm is demonstrated by comparing the resulting distribution of extreme tip deflections to 96 years' worth of crude Monte Carlo from Barone et al. [3] . The exact same set up was used; the NREL 5 MW reference turbine [13] was simulated in FAST v7 with IEC class I B turbulence generated on a 20×20 grid ( y = z • 7 m) with a time step of 0.05 s (20 Hz). The first minute of every simulation was used as a spin-up time and was discarded from the results. In this example, the gusts are point gusts (with zero volume), such that the zeroth spectral moment is equal to the longitudinal variance ( 0 = 2 ) 1 . During our investigations, it transpired that the NREL 5 MW turbine experiences extreme tip deflections at U ~ 18 m/s for large negative gusts (see Figure 5 ). This was already noted by Barone et al. [3] , who extracted two time series belonging to the maximum tip deflection and blade root flapwise bending moment. When we did alternative calculations with Flex5, with a controller designed by Bossanyi [14] , we found the same result: positive gusts do not produce large tip deflections, while negative gusts do. At U = 16 m/s (I = 0.15), a positive gust with amplitude A = +7 = +16.8 m/s was introduced in each of the 256 grid points of the turbulence field and the maximum downwind tip deflection (of 3 blades) was compared to the maximum deflection for the same wind field without a gust. The same was done with a negative A = • 5 gust. When comparing Figures 5a and b , it is seen that a positive gust makes no difference for the tip deflection, while negative gusts tend to increase it.
After some initial exploration of the parameter space, sampling distributions were set up where average speed U and gust amplitude A were chosen to be Gaussian, and the gust location x 0 was sampled uniformly in the domain B: Figure 6 shows the results from N = 10 4 load cases where each gust was embedded in a 2-min wind field (including a 1-min spin-up time). Figure 6b confirms that the method is able to match the result of the crude Monte Carlo method with RMSE of 0.27 m (among repeated MC analyses). To compare: to achieve the same accuracy with the crude Monte Carlo -with an extrapolation procedure as used in [12] -it would require roughly N = 10 5 load cases with 11-min wind fields (again, including a 1-min spin-up time). This amounts to an efficiency gain of 2×10 4 against 1.1×10 6 minutes, or a factor 55.
Genetic algorithm compared to crude Monte Carlo
Next, a genetic algorithm was run where the genomes contained a wind speed U  [3, 25] m/s and a gust amplitude A/ [-10, 10]. Fitness was defined as the distance to the 50-year cumulative probability on a logarithmic axis; i.e.:
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1 The more detailed volumetric gusts require a finer turbulence grid and will be the subject of a future study. One realisation cost (1+25)×50 = 1300 simulations = 2.6×10 3 minutes. This is about 8 times more efficient than the importance sampling method (not taking into account the time and effort required to find proper sampling distributions) and more than 400 times more efficient than the crude Monte Carlo method. Running a crude Monte Carlo simulation with the same computational effort (• equivalent sample size 100) would result in a mean standard error of over 10 m (see Figure 9) .
At the time of writing, we are testing which fitness function results in a quick and robust convergence to a 50-year level. With Equation (24), the genetic algorithm seems to favour strongly negative amplitudes that correspond to probabilities well beyond the 50-year level (which is somewhat strange). A different fitness requirement, perhaps in conjunction with a finer turbulence grid and more detailed gust events, might improve the quality of the results.
Conclusions and further work
The results of comprehensive calculations on the NREL 5 MW reference turbine (5×10 6 simulations done by Barone et al. [3] ), in particular extreme tip deflection values, can be reproduced using a new method that uses 3D constrained gusts, combined with importance sampling based on a genetic algorithm. The method requires on the order of 10 3 2-min simulations to find a 50-year load, yielding a result with the same quality as a crude Monte Carlo method with 10 5 11-min simulations -an efficiency gain of a factor 500 (2×10 3 against 10 6 minutes). The genetic algorithm samples extreme gusts that are naturally embedded in random turbulence fields, without changing power spectra. The probability of such a gust occurring can be estimated with the Euler characteristic heuristic, or can be found manually by brute force (i.e., by Monte Carlo and fitting a GEV distribution). After several generations, the genetic algorithm will start to find gusts that trigger weaknesses in the turbine and/or controller design. With the current controller, the extreme deflections are found to be associated with negative gusts rather than positives ones. This was already found by Barone et al. [3] and when manually exploring the sample space [12] . The same kind of events are also favoured by the genetic algorithm.
Future work will involve more extensive testing and verification (for example, determining the blade root and tower base bending moments). Various other fitness functions will be considered to see whether convergence may be improved. In addition, a thorough analysis of the uncertainty surrounding the 50-year load will have to be carried out, to find out whether the new method can replace extrapolation schemes currently in use [1] .
(a) Simulated load cases from an arbitrary sample.
(b) Probability of exceedance from 5 different runs. 
